Let X be a compact metric space and let Λ be a Z k (k ≥ 1) action on X. We give a solution to a version of Voiculescu's problem of AF-embedding: The crossed product C(X) ⋊ Λ Z k can be embedded into a unital simple AF-algebra if and only if X admits a strictly positive Λ-invariant Borel probability measure.
Introduction
Quasidiagonality for crossed product C * -algebras were studied by Dan Voiculescu ([63] ), [64] and [65] ). Quasidiagonality in C * -algebras has been studied for a long time in many different point of views (see [10] for more information, also [17] , [58] , [26] , [56] , [57] , [66] , [5] , [6] , [7] , [18] , [13] and [14] , to name a few). Let X be a compact metric space and α be a homeomorphism on X. It was proved by Pimsner ([53] ) that C(X) ⋊ α Z is quasidiagonal if and only if α is pseudo-non-wondering, and if and only if C(X) ⋊ α Z can be embedded into an AF-algebra. A more general question is when A ⋊ α Z can be embedded into an AF-algebra, where α ∈ Aut(A) is an automorphism on A and where A is a unital separable C * -algebra which can be embedded into a unital simple AF-algebra. Let Λ be a Z 2 action on X. Dan Voiculescu (4.6 of [65] ) asked when C(X) ⋊ Λ Z 2 can be embedded into an AF-algebra.
For the first question, there are some significant progresses around the turn of the century. Let A be an AF-algebra and α ∈ Aut(A) be an automorphism. Nate Brown ([8] ) proved (1998) that A ⋊ α Z can be embedded into an AF-algebra if and only if A ⋊ α Z is quasidiagonal. More importantly, a K-theoretical necessary and sufficient condition for A ⋊ α Z being quasidiagonal is also given there. When A is a unital simple AT-algebra of real rank zero, Matui (around 2001) ( [51] ) showed that A ⋊ α Z can always be embedded into a unital simple AF-algebra. We find that it is particularly important to know when a crossed product can be embedded into a unital simple AF-algebra. More recently, it was proved ( [49] ) that, for any unital AH-algebra A, A ⋊ α Z can be embedded into a unital simple AF-algebra if (and only if) A has a faithful α-invariant tracial state. Note that A is not assumed to have real rank zero, nor simple.
It is much more difficult to answer the Voiculescu question above. However, there were some progresses made in last 15 years or so. H. Matui ([51] ) showed that under some additional condition on the action, C(X) ⋊ Λ Z 2 can be embedded into an AF-algebra. N. Brown ([9] ) proved that if A is a UHF-algebra and Λ : Z k → Aut(A) is a homomorphism then A ⋊ Λ Z k can be embedded into an AF-algebra.
Suppose that there is a unital monomorphism h : C(X) ⋊ Λ Z k → A for some unital simple AF-algebra. Suppose that τ is a tracial state on A. Then τ •h gives a strictly positive Λ-invariant probability Borel measure (every non-empty open set has a positive measure). In other words, τ • h is a faithful Λ-invariant tracial state. The main result of this paper is to show the following theorem: Let C be a unital AH-algebra, let G be a finitely generated abelian group and let Λ : G → Aut(C) be a homomorphism. Then the crossed product C * -algebra C ⋊ Λ G can be embedded into a unital simple AF-algebra if and only if C has a faithful Λ-invariant tracial state. In particular, when A = C(X) and G = Z k , this result implies that C(X) ⋊ Λ Z k can be embedded into a unital simple AF-algebra if and only if X admits a strictly positive Λ-invariant Borel probability measure.
In [8] , [51] , as well as in [10] , a version of so-called Berg's technique combined together with a version of Rokhlin property played an important role. Let C be a unital separable amenable C * -algebra and let α ∈ Aut(C) be an automorphism. Suppose that one can formulate a right condition for two unital monomorphisms ϕ 1 , ϕ 2 : C → A, where A is a unital simple AFalgebra, to be asymptotically unitarily equivalent, i.e., there is a continuous path of unitaries {u t : t ∈ [0, ∞)} of A such that lim t→∞ ad u t • ϕ 1 (a) = ϕ 2 (a) for all a ∈ C. Then the technique developed in the above mentioned articles can be used to prove that C ⋊ α Z can be embedded into a unital simple AF-algebra (see 5.5 of [48] ). In [49] , we present a necessary and a sufficient K-theoretical condition for ϕ 1 and ϕ 2 being asymptotically unitarily equivalent in the case that C is a unital AH-algebra. From this, we obtain a necessary and sufficient condition for C ⋊ α Z to be embedded into a unital simple AF-algebra in the case that C is a unital AH-algebra mentioned above (see 10.5 of [49] ). However, it is not clear how to formulate a higher dimensional version of Berg's technique.
On the other hand, one may write C ⋊ Λ Z 2 = (C ⋊ α 1 Z) ⋊ α 2 Z for some automorphisms α 1 and α 2 on C. To prove a true asymptotic unitary equivalence theorem for C * -algebras with the form C ⋊ α 1 Z as above seems to require much more general theory for the classification of amenable C * -algebras. However, we try to pass it via a special path. Given two monomorphisms ϕ 1 , ϕ 2 : C ⋊ α 1 Z → A, where A is a unital simple AF-algebra with a unique tracial state and K 0 (A) = ρ A (K 0 (A)), i.e., K 0 (A) has no infinitesimal elements, we will give a (necessary and sufficient) condition for their induced maps ϕ (1) 1 , ϕ (1) 2 from C ⋊ α 1 Z to B, a larger simple AFalgebra, to be asymptotically unitarily equivalent. This will lead to a monomorphism from C ⋊ Λ Z 2 into another unital simple AF-algebra.
To establish such a result, as in the case of AH-algebra (see [49] ), it requires some version of so-called Basic Homotopy Lemma for the crossed products. It in turn requires an approximate unitary equivalence theorem for the crossed products. Our strategy is first to prove such a result. This requires a non-commutative version of Berg's technique and a version of Rokhlin property as well as a uniqueness theorem for monomorphisms from an AH-algebra. We also need an existence type theorem to provide the needed bott map. Combining these, we are able to establish the required homotopy lemma. Finally, to obtain similar results beyond Z 2 action, one uses the induction. Several arguments will be repeated.
The paper is organized as follows: Section 2 provides a number of conventions, facts and reviews a couple of known results which will be used several times in the proof. Section 3 is devoted to the approximate unitary equivalence for monomorphisms from the crossed products. In section 4, we show that the prescribed bott map can be constructed using some existing knowledge. Section 5 establishes the required homotopy lemma. In section 6, we proved the needed asymptotic unitary equivalence theorem for the crossed products. In section 7, we present the theorem that C ⋊ Λ Z 2 can be embedded into a unital simple AF-algebra if and only if C admits a faithful Λ-invariant tracial state. Section 8 provides some absorption lemma. Finally, in section 9, we use the induction to prove the main embedding theorem.
Preliminaries
2.1. Let A be a C * -algebra. Denote by T (A) the tracial state space of A and denote by Af f (T (A)) the space of all real affine continuous functions on T (A). Denote by ρ A : K 0 (A) → Af f (T (A)) the positive homomorphism defined by ρ A ([p]) = τ ⊗ T r(p) for all τ ∈ T (A) and projections p ∈ M k (A), where T r is the (non-normalized) standard trace.
2.2.
Let U (A) be a unitary group of A. Denote by Aut(A) the automorphism group. If u ∈ U (A), denote by ad u the inner automorphism defined by ad u(a) = u * au for all a ∈ A.
2.3.
A C * -algebra A is an AH-algebra if A = lim n→∞ (A n , ψ n ), where each A n has the form P n M k(n) (C(X n ))P n , where X n is a finite CW complex (not necessarily connected) and P n ∈ M k(n) (C(X n )) is a projection.
We use ψ n,∞ : A n → A for the induced homomorphism. Note that every separable commutative C * -algebra is an AH-algebra. AF-algebras and AT-algebras are AH-algebras.
2.4.
Denote by N the class of separable amenable C * -algebras which satisfies the Universal Coefficient Theorem ( [59] ).
2.5.
Let X be a compact metric space. Denote by Homeo(X) the group of all homeomorphisms on X.
2.6.
Let A and B be two C * -algebras and let L 1 , L 2 : A → B be two maps. Let ǫ > 0 and F ⊂ A be a subset. We write
We say map L 1 is ǫ-F-multiplicative if
Definition 2.7. Let A and C be two unital C * -algebras and let ϕ 1 , ϕ 2 : C → A be two unital monomorphisms. Define the mapping torus M ϕ 1 ,ϕ 2 = {f ∈ C([0, 1], A) : f (0) = ϕ 1 (c), f (1) = ϕ 2 (c) for some c ∈ C}.
One obtains an exact sequence:
Denote by π t :
Suppose that C is a separable amenable C * -algebra. From (e 2.1), one obtains an element in Ext(C, SA). In this case we identify Ext(C, SA) with KK 1 (C, SA) and KK(C, A).
Suppose that [ϕ] = [ψ] in KK(C, A) and C satisfies the Universal Coefficient Theorem, using Dadarlat-Loring's notation, one has the following splitting exact sequence:
(e 2.2)
In other words there is θ ∈ Hom
In particular, one has a monomorphism θ|
Thus, one may write
) be a unitary which is a piecewise smooth function on [0, 1]. For each τ ∈ T (A), we denote by τ for the trace τ ⊗ T r on M l (A), where T r is the standard trace on M l . Define
We also assume that τ (ϕ 1 (c)) = τ (ϕ 2 (c)) for all c ∈ C and τ ∈ T (A). (e 2.5)
Exactly as in section 2 of [30] , one has the following statement:
and (e 2.5) holds, there exists a homomorphism
defined by
We will call R ϕ,ψ the rotation map for the pair ϕ and ψ. Suppose also that τ • ϕ 1 = τ • ϕ 2 for all τ ∈ T (A). Then one obtains the homomorphism
(e 2.6)
To keep the same notation as in [30] , we writẽ
if R ϕ,ψ • θ = 0, i.e., θ(K 1 (C)) ∈ kerR ϕ 1 ,ϕ 2 for some such θ. Thus, θ also gives the following:
Under the assumption that [
) and the following splits:
For further information about rotation maps, see section 2 of [30] and section 3 of [49] .
2.9.
Let A be a unital amenable C * -algebra, let B be a unital C * -algebra and let h : A → B be a homomorphism. Suppose that v ∈ U (B). We will refer to [47] for the definition of Bott(h, v) and bott 1 (h, v).
Given a finite subset P ⊂ K(A), there exists a finite subset F ⊂ A and δ 0 > 0 such that
(see 2.10 of [47] ).
There is δ 1 > 0 ( [50] ) such that bott 1 (u, v) is well defined for any pair of unitaries u and v such that [u, v] < δ 1 . As in 2.2 of [22] , if v 1 , v 2 , ..., v n are unitaries such that
We will also use β for the usual homomorphism from K 1 (A) to K 0 (A ⊗ C(T)). See section 2 of [47] for the further information. Definition 2.10. Denote by U throughout this paper the universal UHF-algebra U = ⊗ n≥1 M n .
Let {e (n) i,j } be the canonical matrix units for M n . Let u n ∈ M n be the unitary matrix such that ad u n (e (n)
i+1,i+1 (modulo n). Let σ = ⊗ n≥1 ad u n ∈ Aut(U) be the shift (see for example Example 2.2 of [8] ). A fact that we will use in this paper is the following cyclic Rokhlin property that σ has: For any integer k > 0, any ǫ > 0 and any finite subset F ⊂ U, there exist mutually orthogonal projections e 1 , e 2 , ..., e k ∈ U such that k i=1 e i = 1 U , xe i − e i x < ǫ for all x ∈ F and σ(e i ) = e i+1 , i = 1, 2, ..., k (e k+1 = e 1 ).
Throughout this paper, U and σ will be as the above.
Definition 2.11. It follows from [51] (and its proof) that there is a unital monomorphism j : U × σ Z → U. However, in this case, more is true.
In particular (see [30] ), there exists a continuous path of unitaries {v(t) :
(e 2.7)
Therefore, as in [51] , there is a unital embedding ϕ : U ⋊ σ Z → U such that
(e 2.8)
In what follows, ı will be used without further explanation.
Lemma 2.12. Let C be a unital separable C * -algebra and let α ∈ Aut(C) be an automorphism. Let B be a unital separable amenable C * -algebra. Suppose that ϕ :
Proof. Let C 1 = (C ⊗ U) ⋊ α⊗σ Z. Then α ⊗ σ is known to have the cyclic Rokhlin property (see 2.10). We view U as a C * -subalgebra of U ⋊ σ Z. Define ψ :
for all c ∈ C and b ∈ U and ψ(u α⊗σ ) = ϕ(u α ) ⊗ ı(u σ ). Then C 1 | C⊗U is injective. Since α ⊗ σ has the cyclic Rokhlin property, by Lemma 4.1 of [46] , ψ is injective. Let j 0 : C ⋊ α Z → C 1 be defined by j 0 (c) = c ⊗ 1 U for c ∈ C and j 0 (u α ) = u α⊗σ . Then j 0 is an embedding. Note
Theorem 2.13. (Corollary 4.8 of [44] ) Let C be a unital AH-algebra and let τ 0 ∈ T (C) be a faithful tracial state. Let ǫ > 0, F ⊂ C be a finite subset. There exists δ > 0, σ > 0, a finite subset G and a finite subset P ⊂ K(C) satisfying the following:
For any unital simple C * -algebra with tracial rank zero with a unique tracial state τ ∈ T (A), any two unital δ-G-multiplicative contractive completely positive linear maps
(e 2.10)
Proof. It is clear that the general case can be reduced to the case that C = P M k (C(X))P, where X is a finite-dimensional compact metric space and P ∈ M k (C(X)) is a projection. Since τ 0 is fixed, the statement follows from Cor. 4.8 of [44] .
The following is a direct application of a theorem Choi and Effros ( [12] , see 5.10.10 of [35] ).
Proposition 2.14. Let A be a separable amenable C * -algebra. For any ǫ > 0 and finite subset F ⊂ A, there is δ > 0 and a finite subset G ⊂ A satisfying the following: For any C * -algebra B and any self-adjoint linear map L : A → B which is δ-G-multiplicative, there exists an ǫ-F-multiplicative contractive completely positive linear map ϕ : A → B such that
(e 2.12)
If, furthermore, A has a unital, one may assume that ϕ(1 A ) is a projection.
Approximate unitary equivalence
Lemma 3.1. Let C be a unital amenable separable C * -algebra and α ∈ Aut(C) be an automorphism. For any ǫ > 0, L > 0 and finite subset F ⊂ C, there is δ > 0 and a finite subset G ⊂ C satisfying the following: Suppose that A and B are two unital amenable separable C * -algebras, ϕ :
Suppose that there is a unitary v ∈ U (A) and a continuous path of unitaries
and Length({u t }) ≤ L and (L + 1)/n < ǫ/2, (e 3.15)
where we identify a with a ⊗ 1 for a ∈ A.
Proof. Fix ǫ > 0. We may assume that F is in the unit ball of C. Put δ = ǫ 4n(n+1) . Let G = ∪ −2n≤j≤2n α j (F). Suppose that {v t } satisfies the assumption.
There are mutually orthogonal projections q 1 , q 2 , ..., q n ∈ ψ(U) with
Define e i = 1 ⊗ q i , i = 1, 2, ..., n + 1 with e n+1 = e 1 .
In what follows, we will identify an element a ∈ A with the element a ⊗ 1 in A ⊗ B whenever it is convenient. So we may write that v = v ⊗ 1 and note that
There are y 1 , y 2 , ..., y n ∈ {v t } ⊂ A ⊗ 1 such that
(e 3.19)
(e 3.25)
Note that
and for j = 1, 2, ..., n. Put
(e 3.31)
Note that for all a ∈ G. Suppose that we have shown
for all a ∈ ∪ −2(n−j−1)≤i≤2(n−j−1) α i (F). In other words,
for all a ∈ ∪ −2(n−j−1)≤i≤2(n−j−1) α i (F). It follows that [Z, ϕ(a)] < 2n(n + 1)δ for all a ∈ F.
(e 3.50)
We then compute that Moreover, by (e 3.52),
(e 3.58)
Lemma 3.2. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism. Suppose that A and B are two unital simple C * -algebras with tracial rank zero, ϕ : C ⋊ α Z → A and ψ : U ⋊ σ Z → B are two unital monomorphisms. For any ǫ > 0 and any finite subset F ⊂ C, there is δ > 0, a finite subset G ⊂ C and a finite subset P ⊂ K(C) satisfying the following:
then there is a unitary w ∈ A ⊗ B such that
Proof. Fix a finite subset F ⊂ C and ǫ > 0. Define
Let δ 1 > 0 (in place of δ) and G 1 ⊂ C (in place of G) be a finite subset required by 3.1 for L = 2π + 1.
Let n ≥ 1 be an integer such that 2π+1 n < min{ǫ/2, δ 1 /2}. Let δ 2 > 0 (in place of δ), G 2 ⊂ C (in place of G) be a finite subset and let P 1 ⊂ K(C) be a finite subset required by 17.9 of [47] corresponding to δ 1 /2 (in place of ǫ), G 1 (in place of F) and ϕ ′ | C .
Without loss of generality, to simplify notation, we may assume that F, G 1 and G 2 are all in the unit ball of C. We may further assume that δ 2 < min{δ 1 /2, ǫ/2}. Define
We may also assume that Bott(h ′ , v ′ )| P is well defined provided that
for any unital homomorphism h ′ from C and any unitary v ′ . Note we have
Note that,
(e 3.68)
By (e 3.64), we have that
(e 3.70)
The above is computed in A ⊗ 1. It follows from the Basic Homotopy Lemma 17.9 of [47] that there exists a continuous path of unitaries {v(t) : 
and, for any x ∈ P,
Then there exists a unitary w ∈ U (A ⊗ U) such that
on F, (e 3.76) where ϕ
(1)
Proof. Let ǫ > 0 and F ⊂ C ⋊ α Z be a finite subset. Without loss of generality, we may assume that F = F 0 ∪ {u α }, where F 0 ⊂ C is a finite subset. Let δ > 0, G ⊂ C be a finite subset and P 1 ⊂ K(C) be a finite subset required by 3.2 for ǫ/2 and F 0 above (with ϕ being replaced by ϕ 2 , B = U and ψ being replaced by ı). Without loss of generality, we may assume that G is in the unit ball of C and δ < ǫ/2.
Since K 0 (A) is divisible and torsion free, there is a finite subset P ⊂ K 1 (C) such that Bott(ϕ 2 , v)| P 1 = 0 (e 3.77)
provided that
and v is a unitary and Bott(ϕ 2 , v)| P 1 is well-defined. Now suppose that (e 3.74) and (e 3.75) hold for above δ, G and P. Define
It follows from 3.2 that there exists a unitary w 1 ∈ A ⊗ U such that
on F 0 and (e 3.81)
(e 3.82)
Then, by (e 3.81), (e 3.74) and (e 3.83),
Corollary 3.4. Let C be a unital AH-algebra, let α ∈ Aut(C) be an automorphism and let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and
two unital monomorphisms and suppose that there exists a sequence of unitaries
and, for any x ∈ K 1 (C) and
for all sufficiently large n.
Then there exists a sequence of unitaries {w
where ϕ
Theorem 3.5. Let C be a unital AH-algebra with K 1 (C) = {0}, let α ∈ Aut(C) be an automorphism and let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and
(e 3.89)
Then there exists a sequence of unitaries {w n } ⊂ U (A ⊗ U) such that
(e 3.91)
Combining (e 3.92) and (e 3.89), by applying 2.13, there exists a sequence of unitaries {z n } ∈ U (A) such that
(e 3.93)
We then apply 3.4.
Theorem 3.6. Let C be a unital AH-algebra, let α ∈ Aut(C) be an automorphism and let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and
Suppose also that
Proof. Exactly as in the proof of 3.5, we have
(e 3.98)
Then the condition (e 3.96) implies that 
(e 3.100)
As in the proof of 3.5, put
Then one obtains
(e 3.102)
In particular, for a fixed finite subset P ⊂ K 1 (C),
for all sufficiently large t, t ′ . By the Exel formula (3.6 of [49] ), for each z ∈ U (M k (C)), one has
where
Combining (e 3.103) and (e 3.104), one must have, for any x ∈ P,
for all x ∈ P for all large t. Then 3.4 applies.
Bott maps
Theorem 4.1. Let C be a unital separable amenable C * -algebra in N which has a unital embedding j : C → A for some unital simple AF-algebra A.
Then there is a unital separable simple C * -algebra B ∈ N with tracial rank zero and a unital monomorphism ϕ : C → B such that ϕ * 1 = γ • κ, where κ : Proof. Without loss of generality, we may assume that K 1 (C) is torsion free, by replacing C by C ⊗ U.
Let τ ∈ T (A) be a tracial state of A. There is a unital simple AF-algebra A 0 with a unique tracial state and
where D is a subring of R which is also a countable divisible dense subgroup of R containing τ (K 0 (A)) with [1 A 0 ] = 1. There is a unital monomorphism ψ 1 : A → A 0 . Therefore, by replacing j by ψ 1 • j, we may assume that A = A 0 . We may also assume that A ⊗ U = A.
Let
.., . We will identify A with A ⊗ M n whenever it is convenient. In particular,
Note that, since A is a unital simple AF-algebra,
Define
for all a ∈ C 1 and (e 4.107)
Since A is a unital simple C * -algebra, it is also easy and standard to check that B is a unital simple C * -algebra. To verify that B has tracial rank zero, fix any ǫ > 0 and a finite subset F ⊂ B and a positive element a ∈ B + \ {0}. Without loss of generality, we may assume that F ⊂ ϕ n,∞ (C n ) for some large n. There exists a finite subset G ⊂ C n such that ϕ n,∞ (G) ⊃ F. Fix an integer k ≥ 1. Then one may write
where ı :
is a unital monomorphism such that 1 − p = e 11 , where {e ij } is a system of matrix unit for M n(n+1)···n(+k) and Φ : C n → F, where F is a unital AF-subalgebra of pC n p (with 1 F = p).
(e 4.110)
This, in particular, implies that B satisfies the Popa condition (1) and (2) as in 3.6.2 of [35] (see also [54] ). By 3.6.6 of [35] , B has the property (SP). Now let e ∈ aBa be a non-zero projection.
We will show that we can choose p (by choosing larger k above) so that
(e 4.111)
To do this, by replacing e by an equivalent projection, we may assume that e ∈ ϕ m,∞ (C m ) for some m ≥ 1. Note that each ϕ n is injective. So there is a projection q 0 ∈ C m such that ϕ m,∞ (q 0 ) = e. Note that
In other words, there is a projection
. It then easy to check that, for some sufficiently large k, for the above chosen p,
(e 4.114)
It follows that B has tracial rank zero. Since each C n satisfies the UCT, so does B (see [59] ).
It is also standard to show that B has a unique tracial state if A does (see, for example, 3.7.10 of [35] ). Then there exists a unital separable simple C * -algebra B ∈ N with tracial rank zero, with a unique tracial state, ρ B (K 0 (B)) = ρ A (K 0 (A)) and a unital monomorphism ϕ : C → B satisfying the following:
where κ :
is the quotient map and γ :
there is a unital monomorphism h : B → A and a unital homomorphism with
Proof. By considering the composition C → C ⊗ U → A ⊗ U ∼ = A, we may assume that K 1 (C) is torsion free. Since C can be embedded into a unital simple AF-algebra, it has a faithful tracial state. We will keep the notation used in the proof of 4.1. Note that C n+1 ∼ = C n ⊗ A for each n and for each t ∈ T (C ⊗ A), it has the form t 1 ⊗ τ, where t 1 is a tracial state of C and τ ∈ T (A) is the unique tracial state. We will use τ for the unique tracial state on A n . The homomorphism ϕ n : C n → C n+1 now has the from
for all a ∈ C n . It follows that
Thus, we compute that
Since B has a unique tracial state, we compute that
where τ 1 is the unique tracial state of B. Since B ∈ N , by the classification theorem of [40] , there is a monomorphism from B to B 1 which is a unital simple AH-algebra with a unique tracial state, with
Then (e 4.116) follows.
4.3.
Let C 0 be a unital amenable C * -algebra, let Λ : Z k → Aut(C 0 ) (k ≥ 1) be a homomorphism, and let C = C 0 ⋊ Λ Z k . Suppose that A = A ⊗ U is a unital simple AF-algebra with a unique tracial state τ and K 0 (A) = ρ A (K 0 (A)) which is a subring of R with [1 A ] = 1 and that j : C → A is a unital monomorphism. By 4.2, there exists a unital separable simple C * -algebra B 0 ∈ N with tracial rank zero, with a unique tracial state and with ρ B (K 0 (B 0 )) = ρ A (K 0 (A)), and there exists a unital monomorphism j 1 : C → B 0 satisfying the following:
Note also in the proof of 4.1
Moreover, there is a unital monomorphism h :
(e 4.123)
There exists (see 2.8 and
which also has the property that DQ = D. Let B = B(j, A) be a unital simple AF-algebra with unique tracial state and
An important fact is that, if we regard j : C → B and h • j 1 : C → B, then
unital simple AF-algebra with a unique tracial state and with
which is a subring of R and let j : C → A be a unital monomorphism. Let B = B(j, A) and
Let ǫ > 0, let F ⊂ C be a finite subset and let P ⊂ K 1 (C). There is δ > 0 and a finite subset {y 1 , y 2 , ..., y m } ⊂ K 1 (C) satisfying the following:
where τ is the unique tracial state of A, then there exists a unitary u ∈ B such that [ψ(a), u] < ǫ for all a ∈ F and bott 1 (ψ, u)| P = β ′ | P (e 4.126)
Proof. Since K 0 (A) is torsion free, β(Tor(K 1 (C))) = {0}. Therefore, there exists
is the quotient map. Let B 0 be as in 4.3. By the classification of amenable simple C * -algebras of tracial rank zero ( [40] ), B 0 is a unital simple AH-algebra of real rank zero. Write B 0 = lim n→∞ (C n , ϕ n ), where each C n has the form P n M k(n) (C(X n ))P n and where X n is a finite CW complex and P n ∈ M k(N ) (C(X n )) is a projection. Moreover, let γ and j be as in 4.3.
(e 4.128)
Then
(e 4.130)
Since B 0 satisfies the Universal Coefficient Theorem, there is a homomorphism
(e 4.131)
Without loss of generality, we may assume that
and k(n) ≥ n and x 1 , x 2 , ..., x k be a set of generators for K 1 (C k(n) ) required by Lemma 7.5 of [49] corresponding to ǫ/2 and F 1 = h(F). By (e 4.130), there are y 1 , y 2 , ..., y m ∈ K 1 (C) such that
(e 4.132)
Therefore there exists δ > 0 such that
We now choose the above δ and y 1 , y 2 , ..., y m and assume (e 4.125) holds. Thus, by 7.5 of [49] , there is a unitary u 0 ∈ A such that
Viewing A as a unital C * -subalgebra of B, by 4.3,
Thus, by 3.6, there is a unitary w ∈ U (B) such that
(e 4.139)
Homotopy lemmas
The next follows immediately from Theorem 3.9 of [43] . Several versions of the following have been appeared.
Theorem 5.1. Let C be a unital separable amenable C * -algebra. For any ǫ > 0 and any finite subset F ⊂ C, there exists δ > 0, a finite subset G ⊂ C, a finite subset Q ⊂ K(C) and an integer n ≥ 1 satisfying the following: For any unital simple C * -algebra A of tracial rank zero and any two unital δ-G-multiplicative contractive completely positive linear maps L 1 , L 2 : C → A and any unital monomorphism
for all a ∈ C and i = 1, 2.
Proof. We will apply Theorem 1.2 of [24] . By Theorem 3.9 of [43] and the assumption that there exists a unital embedding h : C → A, C satisfies property (P) of Remark 1.1 of [24] . Thus Theorem 1.2 of [24] holds for C (in place A) and A (in place of B). Since in this case A has tracial rank zero, weakly unperforated K 0 (A), stable rank one and real rank zero, the theorem follows ( see also the proof of Theorem 3.1 of [24] ).
Lemma 5.2. Let C 0 be a unital AH-algebra, C = C 0 ⋊ α Z for some α ∈ Aut(C 0 ) and let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and with
Let j : C → A be a unital monomorphism, ǫ > 0, F ⊂ C 0 be a finite subset and P ⊂ K 1 (C 0 ) be a finite subset. There is δ > 0, a finite subset G ⊂ C 0 , and integer K and a finite subset Q ⊂ K(C) satisfying the following:
where L : C → A is a contractive completely positive linear map such that
for all f k ∈ G. Then there exists a unitary w ∈ U (A) such that
Proof. Let ǫ > ǫ 0 > 0 and F ⊂ F 1 ⊂ C 0 be a finite subset. We assume that
is well defined for any unital homomorphism h from C 0 and any
We write C 0 = lim n→∞ (C n , ϕ n ), where each C n has the form P n M r(n) (C(X n ))P n , where X n is a finite CW complex and P n ∈ M r(n) (C(X n )) is a projection. We may assume that P ⊂ [ϕ n,∞ ](K 1 (C n )). Let η > 0 (in place of δ), k(n) ≥ n and y 1 , y 2 , ..., y m ∈ K 1 (C k(n) ) be a set of generators as required by Lemma 7.3 of [49] for {x 1 , x 2 , ..., x k }, ǫ 0 /2 and F 1 . Denote z j = (ϕ k(n),∞ ) * 1 (y j ), j = 1, 2, ..., m. We may assume that P ⊂ {z 1 , z 2 , ..., z m }.
Let P ′ 1 ⊂ K(C 0 ) be a finite subset containing z 1 , z 2 , ..., z m and
is well defined for any unital homomorphism h ′ from C 0 and any
We may also
We may further assume that ǫ 1 < ǫ 0 /2 and
To simplify notation, we may also assume that 
(e 5.150)
be a finite subset, Q ⊂ K(C) be a finite subset and N ≥ 1 be an integer required by 5.1 for ǫ 1 /2 and G 1 .
There is δ, a finite subset G ⊂ C and an integer K ≥ 1 such that L is δ 1 -G 1 -multiplicative if (e 5.142) and (e 5.144) hold.
Suppose (e 5.142), (e 5.143) and (e 5.144) hold. It follows from 5.1 that there exists a unitary 
Thus (by (e 5.148)),
It follows from (e 5.160) that
It should be note that
for all x ∈ K 1 (C 0 ). By (e 5.149) and applying Lemma 7.3 of [49] , there is a unitary w ∈ A such that [j(a), w] < ǫ 0 /2 and bott 1 (j, w)(x j ) = γ 1 (x j ), j = 1, 2, ..., k.
(e 5.163)
We then compute (using (e 5.161) among other things) that
(e 5.171) Theorem 5.3. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism and let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and
For any ǫ > 0 and a finite subset F ⊂ C ⋊ α Z, there exists δ > 0, η > 0, a finite subset G ⊂ C ⋊ α Z, a finite subsetḠ ⊂ C ⊗ C(T) and a finite subset P ⊂ K 1 (C ⋊ α Z) satisfying the following:
Suppose that there is a unitary v ∈ U (A) and contractive completely positive linear map
and where z ∈ C(T) is the identity function on the unit circle. Then there exists a unitary
Proof. Let ǫ > 0 and F ⊂ C ⋊ α Z. Without loss of generality, we may assume that F = F 0 ∪{u α } for some finite subset
To apply 3.2, let δ 1 > 0 (in place of δ), G 1 ⊂ C 1 (in place of G) be a finite subset and P ′ 1 ⊂ K(C 1 ) (in place of P) be a finite subset required by 3.2 for ǫ/2 and F ′ . We may assume that δ 1 < ǫ/2 and G 1 ⊃ F ′ . Since K 1 (A) = {0} and K 0 (A) is torsion free and divisible, we may assume that P ′ 1 = β(P 1 ) for some finite subset P 1 ⊂ K 1 (C 1 ). Let δ 2 > 0 (in place of δ), G 2 ⊂ C 1 be a finite subset, K ≥ 1 be an integer and Q ⊂ K(C 1 ⋊ α ′ Z) be a finite subset required by 5.2 for δ 1 /2, P 1 and G 1 . Since K 0 (A) is torsion free and divisible and K 1 (A) = {0}, we may assume that
We may assume that Q = P 2 ∪ β(P 3 ), where P 2 ⊂ K 0 (C ⋊ α Z) and P 3 ⊂ K 1 (C ⋊ α Z) are finite subsets. We may assume that G 2 ⊃ G 1 .
By 2.14, choosing 0 < δ 2 < δ ′ 2 and a finite subset G ′ 2 ⊃ G 2 so that there exits a unital contractive completely positive linear map L 1 :
for all g k ∈ G 2 and for any
We may assume that
, z} for some finite subset G ′′ 2 ⊂ C. Without loss of generality, we may also assume that
Let 0 < δ 3 < δ 2 , η > 0 (in place of σ),Ḡ ⊂ C 1 (in place of G) be a finite subset and P 4 ⊂ K(C 1 ) be a finite subset required by 2.13 for min{δ 2 /4, ǫ/4)} and G ′ 2 (with τ 0 above). Since K 0 (A) is torsion free and divisible and K 1 (A) = 0, we may assume that P 4 ⊂ K 0 (C 1 ). Without loss of generality, (by choosing smaller δ 3 , for example), we may assume thatḠ
are finite subsets, and we may assume that P 4 = P 5 ∪ β(P 6 ), where P 5 ⊂ K 0 (C) and P 6 ⊂ K 1 (C) are finite subsets.
provided that L, L ′ are δ 3 -G ′ 3 -multiplicative contractive completely positive linear maps from C 1 and L ≈ δ 3 L ′ on G ′ 3 . Denote by j 0 : C → C ⋊ α Z the natural embedding. Put P = (j 0 ) * 1 (P 6 ) ∪ P 3 . Let η 1 > 0 such that η 1 < min{δ 3 /4, δ 2 /4, ǫ/2, δ 1 /4, η}.
It follows from 2.14 that there is δ 4 > 0, a finite subset G 4 ⊂ C and a unital η 1 -Ḡ-multiplicative contractive completely positive linear map L ′ :
. Suppose that (e 5.172), (e 5.173) and (e 5.174) hold for the above δ, η, G,Ḡ and P (and for some v and L). Therefore, we may assume that L is an η 1 -G 2 -multiplicative contractive completely positive linear map satisfying (e 5.179) (replacing L ′ by L). We still have that
(e 5.180)
Note that Since kerρ A = {0},
Moreover, by (e 5.180),
By applying 2.13, there exists a unitary w 0 ∈ U (A) such that
(e 5.187)
In particular,
(e 5.189)
By (e 5.189), there exists a unital contractive completely positive linear map L 1 : C 1 ⋊ α ′ Z → A ⊗ U which satisfies (e 5.176) with v ′ = V. Therefore
By the assumption (e 5.172) and by (e 5.188), we have Note that h(u α )V = w * 0 h(u α )w 0 . It follows from 3.2 that there exists w 2 ∈ U (A ⊗ U) such that
(e 5.199)
Then, by (e 5.188), (e 5.198) and (e 5.199),
The following holds in great generality and well-known. We only use the special case below. The proof in this case is easier than the general case.
Lemma 5.4. Let A be a unital simple AF-algebra with a unique tracial state τ and ρ A (K 0 (A)) is a countable dense divisible subgroup of R. There is a unitary
where the integral is on the standard Lesbegue measure.
Lemma 5.5. Let A be a unital simple AF-algebra with a tracial state t and let v ∈ U (A).
Suppose that u ∈ U is a unitary such that
(T). (e 5.202)
Suppose C is a unital separable C * -algebra and h : C → A is a unital monomorphism. Define a linear map ϕ :
where τ is the unique tracial state on U.
Proof. Let ǫ > 0 and F ⊂ C(T) be a finite subset. We assume that z ∈ F, where z denotes the identity function on the unit circle. By [31] , for any δ > 0, there are (for some large n), mutually orthogonal projections p 1 , p 2 , ..., p n in A and mutually orthogonal projections e 1 , e 2 , ..., e n in U with
for all f ∈ F, where ω k = e 2kπi n and τ (e k ) = 1/n, k = 1, 2, ..., n. We have that
(e 5.206) It follows immediately that, with sufficiently small δ (or sufficiently large n),
Furthermore, assuming c ≤ 1,
(e 5.214) for all f ∈ F. Let ǫ → 0, we conclude that 
Then there exists a continuous path of unitaries {v
for all a ∈ F and t ∈ [0, 1], and Length({v t }) ≤ 2π + min{ǫ, 1}, (e 5.218)
Proof. To simplify notation, without loss of generality, it suffices to prove the theorem with
Let u 0 ∈ U be a unitary with Let ǫ > 0 and F ⊂ C ⋊ α Z be a finite subset. Without loss of generality, we may assume that F = F 0 ∪ {u α } for some finite subset
be a finite subset,Ḡ ⊂ C ⊗ C(T) be a finite subset and P ⊂ K 1 (C ⋊ α Z) be a finite subset required by 5.3 for sin(ǫ/4) and F above. Without loss of generality, we may assume that G 1 = G ′ 1 ∪ {u α } for some finite subset G ′ 1 ⊂ C, and we may assume thatḠ = G ′ 2 ⊗ G ′′ 2 , where 1 C ∈ G ′ 2 ⊂ C is a finite subset and {1 C(T) , z} ⊂ G ′′ 2 ⊂ C(T) is a finite subset. By 2.14, there is 0 < δ < δ 1 and a finite subset G 3 ⊃ G ′ 1 so that there exits a unital contractive completely positive linear map L :
(e 5.221) for any unitary v ′ so that [ϕ(a), v ′ ] < δ for all a ∈ G 3 . Without loss of generality, we may also assume that
Let τ 0 be the tracial state on C 1 defined by
) for all c ∈ C and f ∈ C(T).
(e 5.223)
Suppose that (e 5.216) holds for the above δ, G and P. Then, we have that
(e 5.224)
for all c ∈ C and f ∈ C(T). It follows from 5.5 that 
where ψ : C⋊ α Z → A⊗U ⊗U defined by ψ(c) = h(c)⊗1 U for all c ∈ C and ψ(u α ) = h(u α )⊗ı(u α ).
By (e 5.228), there exists a continuous path λ : Now define 
Combining (e 5.227) and (e 5.236), for t ∈ [1/2, 1], 
Then, there exists a continuous path of unitaries {w
where B = B(ψ 2 , A ⊗ U) and where
Proof. Since kerρ A = {0}, (e 6.240) implies that
(e 6.242)
Since K 1 (A) = {0} and K 0 (A) is torsion free and divisible, (e 6.242) implies that
(e 6.243) Therefore, sinceη ϕ 1 ,ϕ 2 = 0, there exists θ :
(e 6.244)
Moreover,
(e 6.245)
Denote by j 0 : C → C ⋊ α Z the natural embedding. Then one has Let {F n } ⊂ C ⋊ α Z be an increasing sequence of finite subsets of the unit ball of C ⋊ α Z whose union is dense in the unit ball. Let δ n > 0, G n ⊂ C ⋊ α Z be a finite subset and P n ⊂ K 1 (C ⋊ α Z) be a finite subset required by 5.6 for ǫ n = 1/2 n+2 and F n . We may assume that bott 1 (h ′ , v ′ )| Pn is well defined for any unital homomorphism h ′ and any unitary v ′ , whenever
for n = 1, 2, .... We also assume that
We may assume that δ n < 1/2 n+1 and F n ⊂ G n , n = 1, 2, .... We may write P n = {x 1 , x 2 , ..., x r(n) }, n = 1, 2, .... Let δ ′ n > 0 and {y 1 , y 2 , ..., y m(n) } ⊂ K 1 (C ⋊ α Z) be a finite subset required by 4.4 for δ n /2, G n and P n . Put Q n = {y 1 , y 2 , ..., y m(n) }. We may assume that m(n + 1) ≥ m(n). To simplify notation, we may assume that x j = y j , j = 1, 2, ..., r(n) and r(n) ≤ m(n), n = 1, 2, ....
There is an integer l(n) ≥ 1 and unitaries
Let η n > 0 be such that η n < min{δ n /2l(n) 2 , (1/4) sin(δ ′ n /2l(n) 2 )} and η n+1 < η n /2, n = 1, 2, .... We may also assume that, by passing to a subsequence, if necessary
We will continue to use ϕ i for ϕ i ⊗ id M l (n) and use ψ i for ψ i ⊗ id M l(n) , i = 1, 2, respectively. Thus, we may assume that, for j ≤ m(n),
By (e 6.246),
. It follows from 3.5 of [49] that 
It follows from 4.4 that there exists a unitary
where β ′ n = (j 2 ) * 0 • β n , n = 1, 2, ..., and j 2 : A ⊗ U → B is the embedding and where ψ i :
By Exel's trace formula (see Theorem 3.6 of [49] ) for j = 1, 2, ..., r(n),
.., u n+1 ), (e 6.261) n = 1, 2, .... By 6.1 of [48] and (e 6.259), we compute that
) and (e 6.268)
, (e 6.269) j = 1, 2, ..., n and n = 1, 2, .... We have, by (e 6.267), 
It follows the Exel trace formula (Theorem 3.6 of [49] ) and (e 6.277) that
By applying 5.6, we obtain a continuous path of unitaries {v n (t) :
n+2 for all a ∈ F n , (e 6.281)
(e 6.282)
7 AF-embedding of C ⋊ Λ Z 2 Theorem 7.1. Let C be a unital AH-algebra and let Λ : Z 2 → Aut(C) be a homomorphism. Then C ⋊ Λ Z 2 can be embedded into a unital simple AF-algebra if and only if C admits a faithful Λ-invariant tracial state.
Proof. We only need to show the "if " part of the theorem. Let α 1 and α 2 be two generators of Λ(Z 2 ). Thus
Let t be a faithful Λ-invariant tracial state on C. We may also view t as a faithful tracial state on C 1 as well as on C ⋊ Λ Z 2 .
It follows from (the proof) of 10.5 of [49] that there exists a unital simple AF-algebra A ∼ = A ⊗ U with unique tracial state τ and with K 0 (A) = ρ A (K 0 (A)) and a unital monomorphism h :
(e 7.283)
(e 7.284)
In particular, since kerρ A = {0}, K 1 (A) = {0} and K 0 (A) is torsion free and divisible,
There exists θ : C 1 )) ). Let D 1 be a countable subring of R containing ρ A (K 0 (A)) ∪ D 0 which is also a divisible subgroup of R. Let A 1 be a unital simple AF-algebra with a unique tracial state such that K 0 (A 1 ) = D 1 . Moreover, there is a unital embedding j : A → A 1 such that
where we also use τ for the unique tracial state on A 1 . To simplify notation, without loss of generality, we may assume that A = A 1 . Therefore, with this assumption, we have
(e 7.287) By 10.3 of [49] , this implies thatη
It follows that 6.1 that there exists a continuous path of unitaries
, and B = B(ψ 2 , A⊗U) and ψ 2 : C 1 → A⊗U is defined by ψ 2 (c) = ϕ 2 (c)⊗1 U for all c ∈ C and ψ 2 (u α 1 ) = ϕ 2 (u α 1 ) ⊗ ı(u σ ) ⊗ ı(u σ ). It follows from 5.5 of [48] that there exists a unital monomorphism h 1 : C 1 ⋊ α 2 Z → B 1 , where B 1 is a unital simple AF-algebra with a unique tracial state. Corollary 7.2. Let C be a unital AH-algebra and let Λ : Z 2 → Aut(C) be a homomorphism. Suppose that t is a faithful Λ-invariant tracial state on C.
Then there exists a unital simple AF-algebra B 1 with a unique tracial state τ and with
) which is also a subring of R, and there exists a unital monomorphism
(e 7.290)
Proof. At the end of the proof of 7.1, we apply 5.5 of [48] . The proof of 5.5 of [48] actually shows that one can have the further requirements for B 1 , h 1 and τ.
Corollary 7.3. Let X be a compact metric space and Λ : Z 2 → Homeo(X) be a homomorphism. Then C(X) ⋊ Λ Z 2 can be embedded into a unital simple AF-algebra if and only if X admits a strictly positive Λ-invariant probability Borel measure.
The absorption lemma
Definition 8.1. Let C be a unital separable amenable C * -algebra and let Λ k :
Lemma 8.2. In U, there is a continuous and piecewise smooth path of unitaries {u(t)
where τ is the unique tracial state of U.
Proof. There are two self-adjoint elements h 1 , h 2 ∈ U such that ϕ(u σ ) = e 2πih 1 e 2πih 2 , (e 8.298)
where ϕ : U ⋊ σ Z → U is defined in 2.11 (see [31] ).
Lemma 8.3. There exists a continuous path of unitaries {w(t)
Proof. Let τ be the unique tracial state of U. Using the standard conditional expectation, one computes that
for all f ∈ C(T), where we also use τ for the unique tracial state of U ⊗ U. {0}, by (e 8.309 ), we have
(e 8.310)
where u(t) is a continuous piecewise smooth path of unitaries in U such that
given by 8.2. Thenη h 1 ,h 2 = 0. By applying the main theorem of [49] , there exists a continuous path of unitaries {w(t) :
The proof of the following is similar to but easier than that of 8.3.
Lemma 8.4. There exists a continuous path of unitaries {u(t)
(e 8.314) Lemma 8.5. Let C be a unital separable amenable C * -algebra, let Λ :
Then there exists a continuous path of unitaries {w(t) :
as follows:
(e 8.320) It is clear, by 8.4 , that there exists a continuous path of unitaries {u(t) :
(e 8.321) Therefore, to complete the proof, it suffices to show that there exists a continuous path of unitaries {w(t) :
(e 8.322)
But this clearly follows from 8.3.
Corollary 8.6. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism. Let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and with
Suppose that ϕ 1 , ϕ 2 : C ⋊ α Z → A are two unital monomorphisms such that
(e 8.323) 
Then, there exists a continuous path of unitaries {w
for all a ∈ B 1 and b ∈ U k .
Proof. Note that
. Let τ be the unique tracial state of B 2 then
Since K 1 (B 1 ) = {0},η j 0 ,j = 0. It follows theorem 9.1 of [49] (see also Theorem 1 of [51] ) that (e 8.325) holds.
The general cases
In this section, we will show the main theorem of this paper. We will repeat the same argument deployed for the proof of 7.1 and use induction to present the proof.
Definition 9.1. Let C be a unital separable amenable C * -algebra in N .
(1) We say C has the property (P1) with integer k ≥ 1, if the following statement holds: Let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and with K 0 (A) = ρ A (K 0 (A)). There exists at least one unital monomorphism from C ⋊ Λ Z k into A.
Suppose that ϕ 1 , ϕ 2 : C ⋊ Λ Z k → A are two unital monomorphisms such that
Then, there exists a continuous path of unitaries
where A ⊂ B ∼ = B ⊗ U is a unital simple AF-algebra with a unique tracial state, with K 0 (B) = ρ B (K 0 (B) which is also a subring of R and with 1 A = 1 B , and where
(where j : A ⊗ U k → B is a unital monomorphism ), i = 1, 2. defined in 4.3) i = 1, 2, (2) We say C has the property (P2) with integer k, if the following statement holds: Let Λ : Z k → Aut(C) be a homomorphism, let A ∼ = A⊗U be a unital simple AF-algebra with a unique tracial state and with K 0 (A) = ρ A (K 0 (A)) which is also a subring of R. Suppose that there is at least one unital monomorphism from C ⋊ Λ Z k to A. Suppose that j : C ⋊ Λ Z k → A is a unital monomorphism. Let ǫ > 0, F ⊂ C ⋊ Λ Z k be a finite subset and let P ⊂ K 1 (C ⋊ Λ Z k ) be a finite subset. There is δ > 0 and a finite subset {y 1 , y 2 , ..., y m } ⊂ K 1 (C ⋊ Λ Z k ) satisfying the following:
If β : (3) We say that C has the property (P3) with integer k, if the following statement holds: Let Λ : Z k → Aut(C) be a homomorphism and let A ∼ = A ⊗ U be a unital simple AFalgebra with a unique tracial state τ and ρ A (K 0 (A)) = K 0 (A). There exists at least one unital monomorphism from
Suppose that there is a unitary v ∈ U (A) and a contractive completely positive linear map
< ǫ for all c ∈ F and (e 9.333)
where A ⊂ B ∼ = B ⊗ U is a unital simple AF-algebra with a unique tracial state, with K 0 (B) = ρ B (K 0 (B) which is also a subring of R and with 1 A = 1 B .
(4) We say that C has the property (P4) with integer k, if the following holds: Let Λ : Z k → Aut(C) be a homomorphism and let A ∼ = A ⊗ U be a unital simple AFalgebra with unique tracial state τ and ρ A (K 0 (A)) = K 0 (A). There exists at least one unital monomorphism from C ⋊ Λ Z k into A. For any ǫ > 0 and a finite subset F ⊂ C ⋊ Λ Z k , there exists δ > 0, a finite subset G ⊂ C ⋊ α Z and a finite subset P ⊂ K(C ⋊ Λ Z k ) satisfying the following:
Suppose that ϕ : C ⋊ Λ Z k → A is a unital monomorphism and suppose that there is a unitary v ∈ U (A) such that [ϕ(a), v] < δ for all a ∈ G and bott 1 (ϕ, v)| P = 0.
(e 9.335)
Then there exists a continuous path of unitaries
for all a ∈ F and t ∈ [0, 1], and Length({v t }) ≤ 2π + min{ǫ, 1}., (e 9.337)
Lemma 9.2. Let C 0 be a unital separable amenable C * -algebra in N which has the property (P4) with integer k − 1 > 0 and let Λ :
Suppose that A ∼ = A ⊗ U is a unital simple AF-algebra with a unique tracial state and with then there is a unitary w ∈ B ⊗ U k such that
for all a ∈ F and (e 9.340) Proof.
The proof is exactly the same as that of 3.2. However, instead of using ϕ ′ , we use ϕ (k−1) and instead of applying the Basic Homotopy Lemma for AH-algebras, we apply the property (P4) with integer k − 1.
Theorem 9.3. Let C 0 be a unital separable amenable C * -algebra in N which has the property (P1) with integer k − 1 and (P4) with integer k − 1 > 0. Let Λ : Z k → Aut(C) be a homomorphism and let A ∼ = A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and
(e 9.342)
, (e 9.343)
Then there exists a sequence of unitaries {w n } ⊂ U (B ⊗ U k ) such that Proof.
The proof of this is exactly the same as that of 3.6. However, instead of applying 10.7 of [49] , (where AH-algebra is used) we use the property (P1), and instead of applying 3.2, we apply 9.2.
Theorem 9.4. Let C 00 be a unital separable amenable C * -algebra in N which has the property (P1) with integer k − 1. Then C 00 has the property (P2) with k.
Proof. Let Λ : Z k → Aut(C 00 ) be homomorphism, let {α 1 , α 2 , ..., α k } forms a set of generators for Λ(Z k ) and let Λ k−1 :
The proof is very much the same of that 4.4 but we apply the properties (P1) instead of using the assumption that C 0 is an AH-algebra. We proceed the same proof until (e 4.137). Note that, since C 00 satisfies property (P1) with integer k − 1, 9.3 holds. Next, instead of applying 3.6, we apply 9.3 to obtain a unital simple AF-algebra B 1 ⊃ B (B as in the proof of 4.4) with a unique tracial state, with K 0 (B 1 ) = ρ B (K 0 (B 1 )) which is also a subring of R and with 1 B = 1 B 1 for which B 1 ∼ = B 1 ⊗ U, and a unitary w ∈ B 1 ⊗ U k such that (e 4.138)holds with ψ 1 replaced (h • j 1 ) (k) and ψ replaced by j (k) . Then (e 4.139) follows (with ψ replaced by j (k) ).
Lemma 9.5. Let C 00 be a unital separable amenable C * -algebra in N which has the property (P2) with k − 1, let Λ : where L : C 00 ⋊ Λ Z k → A is a contractive completely positive linear map such that
, w] < ǫ for all a ∈ F and (e 9.348) Proof. The proof of this lemma is almost the same as that of 5.2 but we apply the property (P2) (with k − 1) instead of Lemma 7.3 of [49] . We proceed as follows. We will keep the first paragraph of that proof and keep the line which defines P. Let η > 0 (in place of δ), {y 1 , y 2 , ..., y m } ⊂ K 1 (C 0 )) be required by (P2) for ǫ 0 /2 > 0, {x 1 , x 2 , ..., x k } and F 1 . We then remove the paragraph related to Lemma 7.3 of [49] right after the line which defines P.
We then continue the same proof until the line right after (e 5.162). We replace the next line by the following:
By (e 5.149) and by property (P2) with k − 1 for C 00 , there is a unitary w ∈ B ⊗ U k such that (e 5.163) holds with j replaced by j (k) , where A ⊂ B ∼ = B ⊗ U is a unital simple AF-algebra with a unique tracial state, with K 0 (B) = ρ B (K 0 (B) which is also a subring of R and with 1 A = 1 B . The rest of the proof remains the same by replacing j by j (k) and v by v ⊗ 1 U k . Theorem 9.6. Let C 0 be a unital separable amenable C * -algebra in N which has property (P1), (P2), (P3) and (P4) with k − 1.
Then C 0 has the property (P3) with integer k .
Proof. The proof is the same as that of 5.3. The main difference is that we will use property (P3) instead of 2.13.
We proceed as follows: Let Λ : Z k → Aut(C 0 ) be a monomorphism such that {α 1 , α 2 , ..., α k } forms a set of generators for Λ(Z k ) and let Λ j :
Since C 0 has property (P1), (P2), (P3) and (P4) (with k − 1), 9.2 and 9.5 hold. We will not make changes from the beginning of the proof to (e 5.177) and keep the definition of τ 0 with only a couple of exceptions: We will not apply 3.2, but apply 9.2, not 5.2 but 9.5. So we replace 3.2 by 9.2 and replace 5.2 by 9.5 in these lines. We also need, however, replace α by α k .
We may also assume that G 2 = G 0 ∪{1⊗z} for some finite subset G 0 ⊂ C and G ′ 2 = G ′ 0 ∪{1⊗z} for some finite subset G ′ 0 . After we define τ 0 (right after (e 5.177)), we will apply property (P3) with integer k − 1.
(in place ofḠ) be a finite subset required and P 4 ⊂ K 1 (C) be a finite subset required by (P3) (with k − 1) for min{δ 2 /4, ǫ/4} and G ′ 0 . As in the proof of 5.3, without loss of generality, we may assume thatḠ 1 
are finite subsets. We delete the lines after the definition of τ 0 until the definition of j 0 of the proof of 5.3. Keep the definition of j 0 and put P = (j 0 ) * 1 (P 4 ) and keep the same η 1 . We keep the next few lines but stop right after (e 5.180) and replace (e 5.172) by (e 9.330), (e 5.173) by (e 9.331) and (e 5.174) by (e 9.332). Since we assume that (e 9.332) holds, we have
(e 9.350) By applying property (P3) (with k − 1), we obtain a unitary
where A ⊂ B 1 ∼ = B 1 ⊗ U is a unital simple AF-algebra with a unique tracial state, with
) which is also a subring of R and with 1 A = 1 B 1 .
and (e 9.353)
We then continue the same proof as in 5.3 as follows. We have
(e 9.355)
Thus, there exists a unital contractive completely positive linear map L 1 : C ⋊ Λ Z k ⊗ C(T) → A ⊗ U k which satisfies (e 5.176) (replacing α by α k and h by h (k) ) with v ′ = V. Therefore By the assumption (e 9.330) and by (e 9.354), where V 1 = (h (k) ) (k) (u α k ) * w * 1 (h (k) ) (k) (u α k )(V ⊗ 1 U k )w 1 and where B 1 ⊗ U k ⊂ B 2 ∼ = B 2 ⊗ U is a unital simple AF-algebra with a unique tracial state, with K 0 (B 2 ) = ρ B 2 (K 0 (B 2 )) which is also a subring of R and with 1 B 1 ⊗U k = 1 B 2 . Note that
It follows from 9.2 that there exists a unitary w 2 ∈ U (B 2 ⊗ U 2k ) such that w * 2 (((h (k) ) (k) ) (k) (c))w 2 ≈ ǫ/2 ((h (k) ) (k) ) (k) (a) for all a ∈ F (e 9.363)
. (e 9.364) Define W 1 = ((w 0 ⊗ 1 U )w 1 ) ⊗ 1 U )w 2 . Then, by (e 9.353) and (e 9.354),
[((h (k) ) (k) ) (k) (c), W 1 ] < ǫ for all c ∈ F and (e 9.365)
(e 9.366) Finally, we apply the absorption lemma 8.5 twice and 8.7 once.
Lemma 9.7. Let C be a unital separable amenable C * -algebra in N and let Λ : Z k → Aut(C) be a homomorphism. Suppose that C has property (P3) for k. Then C has the property (P4) with k.
Proof. The proof follows from that of 5.6 almost verbatim. We replace the application of 5.3 by the application of property (P3). So in (e 5.227), W should be in U (B 1 ⊗ U k ),v should be replaced byv ⊗ 1 U k , h(1 ⊗ z) ⊗ 1 U replaced by h(1 ⊗ z) ⊗ 1 U k and ψ should be replaced by ϕ (k) , where A ⊗ U ⊂ B ∼ = B ⊗ U is a unital simple AF-algebra with a unique tracial state, with K 0 (B) = ρ B (K 0 (B)) which is also a subring of R and with 1 A⊗U = 1 B . For the rest of the proof, we will continue use this W and replace 1 U by 1 U k , ψ by ϕ (k) and V by V ⊗ 1 U k (and λ(t) and v t are in B ⊗ U k ).
Theorem 9.8. Let C be a unital separable amenable C * -algebra in N and let Λ : Z k → Aut(C) be a monomorphism. Suppose that C satisfies property (P1), (P2), (P3) and (P4) for k − 1. Then C has property (P1), (P2), (P3) and (P4) for k.
Proof. Since C has property (P1) (with integer k − 1), 9.3 holds. It follows from 9.4 and 9.6 that C has the property (P2) and (P3) for k. By 9.7, C also has the property (P4) for k. It remains to show that C has property (P1) for k.
The proof is exactly the same as that of 6.1. Suppose that {α 1 , α 2 , ..., α k } forms a set of generators for Λ(Z k ). Let Λ k−1 : Z k−1 → Aut(C) be defined by {α 1 , α 2 , ..., α k−1 .
In the proof of 6.1, we need to replace C by C ⋊ Λ k−1 Z k−1 , α by α k , ψ 1 and ψ 2 by ϕ We will prepare to apply (P4) (with k) instead of 5.6. We will apply property (P2) (with k). Hence (e 6.258) holds by replacing ψ ′ 2 by (ϕ
2 ) (k) . We proceed the same calculation and apply property (P4) (with k) to obtain (e 6.281) with ψ ′′ 2 being replaced by ((ϕ
2 ) (k) ) (k) and with v n (t) ∈ B 2 ⊗ U k , for some unital simple AF-algebra B 2 ∼ = B 2 ⊗ U which satisfies: (1) B 1 ⊗ U k ⊂ B 2 , (2) K 0 (B 2 ) = ρ B 2 (K 0 (B 2 )) which is a subring of R, (3) 1 B 1 ⊗U k = 1 B 2 .
We then obtain (e 6.282) with ψ ′′ 1 and ψ ′′ 2 being replaced by (ϕ (k) 1 ) (k) ) (k) and (ϕ
2 ) (k) ) (k) , and with u(t) ∈ B 2 ⊗ U 2k .
Finally, to obtain (e 6.241), we apply the absorption lemma 8.5 twice. Proof. The proof is an application of Theorem 5.5 of [49] exactly as in the proof of 7.1 (see also 7.2). Proof. It suffices to show the "if part" of the theorem. Suppose that {α 1 , α 2 , ..., α k } forms a set of generators for Λ(Z k ). Denote by Λ j : Z j → Aut(C) defined by {α 1 , α 2 , ..., α j }, j = 1, 2, ..., k.
By 4.4, 5.3, 5.6 and 6.1, C has property (P1) (P2), (P3), (P4) for k = 1. Theorem 9.9 (or 8.6) implies that there is a unital monomorphism ϕ 2 : C ⋊ Λ 2 Z 2 → A 2 , where A 2 ∼ = A 2 ⊗ U is a unital simple AF-algebra with a unique tracial state τ 2 and with K 0 (A 2 ) = ρ A 2 (K 0 (A 2 )) such that τ 2 • ϕ 2 • j 1 = t, (e 9.368) where t is the chosen faithful Λ-invariant tracial state on C. In particular, Thus, there is a unital monomorphism ϕ k : C ⋊ Λ Z k → A k , where A k ∼ = A k ⊗ U is a unital simple AF-algebra with a unique tracial state τ and with K 0 (A k ) = ρ A k (K 0 (A k )).
Theorem 9.11. Let C be a unital AH-algebra and let G be a finitely generated (discrete)abelian group. Suppose that Λ : G → Aut(C) is a homomorphism. Then C ⋊ Λ G can be embedded into a unital simple AF-algebra if and only if C admits a faithful Λ-invariant tracial state.
Proof. We use an argument of Nate Brown (see Remark 11.10 of [10] ). Write G = Z k ⊕ G 0 , where G 0 is a finite group. By the Green's theorem (Cor. 2.8 of [25] ), there is a monomorphism h : C ⋊ Λ G → (C ⋊ Λ| Z k Z k ) ⊗ K. Since C ⋊ Λ| Z k Z k has a faithful Λ| Z k -invariant tracial state, there is a unital monomorphism ϕ : C ⋊ Λ| Z k Z k → A for some unital simple AF-algebra. Then ϕ gives a monomorphism ϕ 1 : (C ⋊ Λ| Z k Z k ) ⊗ K → A ⊗ K. Thus ϕ 1 • h gives a monomorphism from C ⋊ Λ G into A ⊗ K. Let e = ϕ 1 • h (1) . Then e is a projection. Note that e(A ⊗ K)e is a unital simple AF-algebra. Corollary 9.12. Let X be a compact metric space and Λ : Z k → Homeo(X) be a homomorphism, where Homeo(X) is the group of all homeomorphisms on X. Then the crossed product C(X) ⋊ Λ Z k can be embedded into a unital simple AF-algebra if and only if there is a strictly positive Λ-invariant probability Borel measure.
